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1 INTR ODUCTION

A limited numberof numericalsolutionsof the three-dimensional(3D) direct current(DC) resistivity
problemhavebeendiscussedin thegeophysicalliterature.Thesesolutionshavebeenobtainedusinginte-
gralequation,finite differenceor finiteelementtechniques.Theintegralequationmethodismostefficient
for modelingoneor a few inhomogeneousbodiesin a homogeneousearth.Finite difference(FD) and
finite element(FE)methodsarebettersuitedto modelany arbitrarilycomplex 3D earth.Dey & Morrison
(1979)developeda3D finite-differencealgorithmto evaluatethepotentialfor apointcurrentsource.The
equationof continuity is integratedover elementalvolumesto obtaina systemof self-adjointdifference
equations.A mixedboundaryconditionwasintroduced,basedon theasymptoticbehavior of thepoten-
tial field in a homogeneousmedium.Spitzer(1995)reporteda FD algorithmusingconjugategradient
methods.A compactstorageschemewasemployed,which reducedthenumberof memory-residentco-
efficientsandshortenedthe run time by avoiding unnecessarycomputationaloperations.Lowry et al.
(1989)proposeda 3D integratedfinite differenceschemeusinga singularity removal technique.This
methodactuallymodelstheanomalouspotentialwhich is dueto conductivity contrasts.Theanomalous
potentialis smootherthanthetotal potential,therefore,thesolutionis generallymoreexact.Two mod-
ificationsof the finite differencemethodwererecentlymadeby Zhao& Yedlin (1996).The first is a
moreaccurateformulafor thesourcesingularityremoval. Thesecondis theanalyticcomputationof the
sourcetermsthatarisefrom thedecompositionof thepotentialinto theprimaryandsecondarypotential.
Spitzeretal. (1999)presenteda3D DC andinducedpolarization(IP) finite differencecode,whichoffers
grid-independentelectrodepositioninganddetachesbothtransmittersandreceiversfrom grid nodes.The
discussionof the finite elementmethodis a bit moresparse,perhapsbecausefinite elementsaremore
complex to implementthanfinite differences.The applicationof the finite elementmethodto the 2D
resistivity problemwasdiscussedby Coggon(1971).A finite elementsolutionto the3D resistivity prob-
lemwasreportedby Pridmoreetal. (1981).Sasaki(1994)developeda3D resistivity inversionalgorithm
usingthefinite elementmethod.Recently, Zhou& Greenhalgh(2001)publishedafinite elementsolution
to the3D DC problem.Themixedboundaryconditionandacompactstorageschemewereincorporated.
However, they solvedthegoverningequationof thetotal potential.
In this paper, we revisited3D FE resistivity modeling,but with theuseof thesingularityremoval. Fur-
thermore,a modifiedmethodof singularityremoval is presented.First the theoreticalbasisof our FE
solutionfor the secondarypotentialis developed.After that, the FE andFD schemesarecomparedin
termsof accuracy andmemoryrequirements.Finally, theeffect of singularityremoval is illustratedby
threeexamples:a dike model,a cubeburied in a two-layeredearthanda cubeburied neara vertical
contact.

2 THE BOUNDARY VALUE PROBLEM

Weassumea3D conductivity modelσ
�
x � y� z� in aCartesiansystemof coordinates

�
x � y� z� with zpositive

downwards.ThecurrentsourceI is locatedatapoint
�
xq � yq � zq � . Thegoverningequationof theelectrical

potentialv
�
x � y� z� is

∇ � � σ � x � y� z� ∇v
�
x � y� z������� Iδ

�
x � xq � δ � y � yq � δ � z � zq �	� (1)

whereδ is theDiracdeltafunction.
Numericalapproximationsusing equation(1) typically give poor resultsin the vicinity of the source
locationsbecauseof steepgradientsaroundthe source.A betterapproachis to remove the effect of
thesingularpotentialcausedby thesource.Accordingto a singularityremoval procedureproposedby
Lowry et al. (1989), the potential in equation(1) is split into the primary potentialvn causedby the
currentsourcein a uniform half-spacewith the conductvityσn andthe secondarypotentialva caused
by the inhomogeneityof the conductivity with theanomalousconductivity σa

�
x � y� z�
� σ

�
x � y� z��� σn,

giving

v
�
x � y� z��� vn

�
x � y� z�� va

�
x � y� z�	� (2)

Theprimarypotentialvn satisfiesthepartialdifferentialequation

∇ � � σn
�
x � y� z� ∇vn

�
x � y� z������� Iδ

�
x � xq � δ � y � yq � δ � z � zq �	� (3)
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In thecaseof auniform half-space,thesolutionof eq.(3) is

vn � I
2πσnr

� (4)

if thecurrentsourceis on thegroundsurfaceandr ��� � x � xq � 2  � y � yq � 2  z2 is thedistanceto the
source.Hereσn is definedastheconductivity of themediaat thesourcepoint (Zhao& Yedlin,1996).

With the above procedure,the singularitycanbe removed completelyin the vicinity of the sourcelo-
cation.If thebackgroundis auniformhalf-space,thenumericalresultsareverysatisfactoryin thewhole
modeldomain.However, if thebackgroundis a horizontallylayeredearthor a verticalcontact,thenu-
merical resultscanbe distortednearmodelboundaries.Thus,we make a refinementupon the above
describedmethod.Weassumethattheprimarypotentialis causedby thecurrentsourcein ahorizontally
layeredearthor in two quarter-spaces.The potentialof a vertical contactcanbe treatedeasilyby the
methodof images.Thepotentialof ahorizontallylayeredearthis givenin Li & Spitzer(2001).
Substitutingeqs.(2) and(3) into (1), givesthedifferentialequationfor thesecondarypotential

∇ � � σ � x � y� z� ∇va
�
x � y� z���� ∇ � � σa

�
x � y� z� ∇vn

�
x � y� z����� 0 � (5)

In orderto solve eq.(5), theboundaryconditionsmustbedefined.On theboundariesof thebody, with
differentconductivities, thetotalpotential(v) andthenormalcomponentof current( jn � σ∂v� ∂n) must
becontinuous,wheren is theoutwardnormaldirectionof theboundaryinterface.It caneasilybederived
that thesecondarypotentialva andσ∂va � ∂n  σa∂vn � ∂n mustalsobecontinuousat suchboundaries.
Sincethereis no currentflow throughtheair-earthinterface(Γs), whereΓ denotestheboundaryof the
wholemodeldomainandΓs � Γ, we have

∂vn

∂n
� 0 � ∂va

∂n
� 0 on Γs � (6)

On theotherdomainboundaries(Γ∞ � Γ), themixedboundarycondition(Dey & Morrison,1979)may
beapplied:

∂vn

∂n
 cos

�
r � n�
r

vn � 0 � ∂va

∂n
 cos

�
r � n�
r

va � 0 on Γ∞ � (7)

wherer denotestheradialdistancefrom thesourcelocationto theboundaryandn theoutwardnormal
directionat theboundarysurface.

For arbitrarily shaped3D structures,the above boundaryvalueproblemhasto be solved numerically,
for example,usingtheFEor FD method.In thefollowing section,wederive theFEformulation.For the
FD formulationwe referto thedifferentapproachesby Dey & Morrison(1979),Zhangetal. (1995)and
Spitzer(1995).Find acomparisonof theseFD formulationsin SpitzerandWurmstich(1999).

3 FORMULA TIONS OF THE FINITE ELEMENT EQUATIONS

TheFEapproximationof thegoverningequation(5) is performedonamodelvolumeΩ thatentirelyem-
bracesthevolumeof the3D inhomogeneities,andextendsfarenoughin all directionsfor theanomalous
potentialto fadeout to sufficient smallnesson theboundaryof Ω. Here,thevariationalmethodis used
to derive theFE equations.However, theGalerkinmethodgivesexactly thesameequations.According
to thevariationalprinciple, the truesolutionof a differentialequationgivesa stationaryvalueto some
functional.The functionalcanbe formedby usingthe minimum theorem(Pridmoreet al., 1981).The
minimumtheoremprovidesthecorrespondingfunctionalto eqs.(5) � (7) as

F
�
va ��� �

Ω � σ � ∇va � 2 �� 2σa∇vn � ∇va � dΩ

 �
Γ∞ � σ cos

�
r � n�
r

v2
a  2σa

cos
�
r � n�
r

vnva � dΓ � (8)

ThemodelvolumeΩ is subdividedinto hexahedralelements,andtheintegralsof eq.(8) thusdecompose
into integralsfor eachelement,in which theconductivity is constant.It reads

F
�
va ��� ne

∑
e� 1

�
Ωe

σ
�
∇va � 2 dΩ  ∑

Γ∞

�
Γe

σ
cos
�
r � n�
r

v2
adΓ
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 2 � ne

∑
e� 1
�

Ωe

σa∇vn � ∇vadΩ  ∑
Γ∞

�
Γe

σa
cos
�
r � n�
r

vnvadΓ � � (9)

whereΩe denotesthevolumeof aparticularelementeandΓe thesurfaceelementonΓ∞. ne is thenumber
of hexahedralelements.
Weassumethatin eachhexahedralelementtheprimaryandsecondarypotentialsarelinearfunctionsof
theCartesiancoordinatesx � y andz. Thenthey canbeapproximatedby

vn � 8

∑
i � 1

Nivn ! i � va � 8

∑
i � 1

Niva ! i � (10)

wherevn! i andva ! i aretheprimarypotentialandthesecondarypotentialat thecornerpoint i, i � 1 �������"� 8,
in theglobalcoordinates.Ni arethelinearshapefunctionsdefinedby Li (2000)andread

Ni � 1
8

�
1  ξiξ � � 1  ηiη � � 1  ζiζ � �

i � 1 �������	� 8�	� (11)

whereξi � ηi undζi arethecoordinatesof thecornerpoint i, i � 1 �������"� 8, in thelocal coordinates.
It is possibleto transformtheglobalcoordinates

�
x � y� z� to correspondinglocal coordinates(ξ � η � ζ ) by

ξ � 2
a

�
x � xc �	� η � 2

b

�
y � yc �	� ζ � 2

c

�
z � zc �	� (12)

wherexc � yc andzc arethecoordinatesof thecenterof thehexahedralelement,a � b andc arethelength,
width andheightof the hexahedralelement.This transformationis a major stepin the finite element
methodwhichsimplifiestheevaluationof theintegralsof eq.(9). Now thevolumeintegralsin (9) canbe
analyticallyevaluatedin thelocal coordinatesusingeqs.(10) � (12).

Similarly, the surface integrals in (9) can be evaluatedanalytically. Note that herevn and va are de-
terminedby linearinterpolationof thepotentialsat four nodesof a rectangularelement.

Summingup the integralsover all theelementsandassemblingtheelementmatrix to a systemmatrix,
resultsin thefollowing approximationfor thefunctionalF

�
va � :

F
�
va �#� va

TKva  2va
T p (13)

whereK is thetotal systemmatrix,va is thevectorof theunknown valuesof thesecondarypotentialsin
all nodalpoints,and p is theknown vectorobtainedby the last two termsof the right-handsideof eq.
(9).
Thefirst variationof thefunctionalwith respectto va is

δF
�
va �$� 2δva

TKva  2δva
T p � (14)

Thefunctionalis minimizedby settingthefirst variationof thefunctionalto zero,this finally resultsin
thefinite elementequation

Kva ��� p � (15)

wherethe systemmatrix K is symmetricandsparselyoccupiedby non-zeroelements.This systemof
linear equationsis solved numericallyusinga conjugategradientmethod(Hestenes& Stiefel, 1952),
whichprovidestheanomalouspotentialatall nodalpoints.Thetotalpotentialis thenobtainedby adding
theanomalouspotentialto thenormalpotential.

4 COMPARISONS OF THE FE AND FD SCHEMES

TheFEandFD techniquestackleaboundaryvalueproblemusingverydifferentprinciples.Whereasthe
FD formulationdirectly transfersinfinitesimalanalyticalexpressionsof theunderlyingpartialdifferen-
tial equationsinto finite terms,theFE methodis basedon thevariationalprincipleor themethodof the
weightedresiduals.Generally, researchfocusesoneitherFEor FD.However, to ourknowledge,it is still
ratherunclearwheretheparticularadvantagesof eachmethodareif it comesto numericalimplementa-
tion. Therefore,in thissection,wecomparetheherepresentedFEapproachandanadequateFD scheme
by Spitzeret al. (1999)in termsof accuracy andmemoryrequirements.TheFD schemewasoriginally
outlinedin Spitzer(1995)andusesa formulationthatgoesbackto Brewitt-Taylor& Weaver (1976),but
is comparableto Dey & Morrison’s approach(1979)(seeSpitzer& Wurmstich,1999).
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Fig. 2 Apparentresistivity (top)anddeviationcurve (bottom)of aSchlumberger
soundingperpendicularto thedike in fig. 1 (alongy-axis).
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Fig. 1 A verticaldike model.
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Fig. 3 Discretizationerrorsof theFEandFD schemeusinga coarsegrid (a) and

afinegrid (b) for themodelof thefigure1.
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Fig. 4 Appaentresistivity of apole-poleconfigurationfor a largeconductivity
contrastof 104 for thedike modelin fig. 1. After refiningthegrid, theFE solution

becomesaccurateagain,whereastheFD solutionremainsunstable.
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4.1 Accuracy

Theaccuracy of theFEandFD schemeis comparedfor thedikemodel(Fig.1).Schlumbergersoundings
arecarriedout over the structure.The two currentsourcesarelocatedat (0m�?H 1m� 0m). The apparent
resistivity is calculatedexploiting the principle of reciprocity, i.e., currentandpotentialelectrodesare
interchanged.Thus,thewholeSchlumbergersoundingcurve is obtainedby performingonly oneforward
modeling.
The samegrid with 73 I 89 I 35 nodesis usedfor the FE andFD modeling.The modelingdomain
boundariesarelocatedat H 5500m in x- andy-directionand5500m in z-direction.The model is more
finely discretizednearto the conductivity contrast.Fig. 2 shows the computedFE andFD resultsof
a Schlumberger configurationfor a profile perpendicularto the dike (alongthe y-axis).The analytical
solutioncomputedby an analyticaldike-program(Hanstein,pers.communications)is alsoshown for
comparison.In general,bothalgorithmsprovideveryaccurateresultsatall nodes.However, thesignature
of theerror distribution is differentfor eachmethod.Maximumerrorsbetween0 � 20 and0 � 40 percent
occurat AB� 2 � 19 � 42m for thefinite differencesolution,whereasfor theFE solutionthemaximum
erroris betweenAB� 2 � 32 � 120m. Wewill discussthesefurtherbelow.

4.2 Discussionof discretization errors

To investigatethe causesof the discretizationerrors to occur at different placesfor the FE and FD
solution,weperformfurthernumericaltestsusingthedikemodelagain.An irregulargrid with 59 I 59 I
30 nodesis first usedandtheboundariesareat a distanceof 5500m in eachdirection.Thepotentialof
a pole-poleconfigurationis calculatednumericallyusingtheFE andFD scheme,respectively. A single
currentsourceis locatedat the origin of the coordinatesystem.Fig. 3a shows the relative deviations
for a profile perpendicularto the dike. Again the error maximaarespatiallyseparatedfor the FE and
FD solutions.If the modeldiscretizationis refinedat y � 15 � 425m, the accuracy of the FE scheme
is improved considerably, yielding a relative error lessthan0 � 11 per centover the whole range(Fig.
3b).However, themaximumof theerrorfor theFD schemeremains,althoughtheamplitudeis reduced
somewhat.Thesemodeltestsshow that therearetwo originsof discretizationerrors,i.e., conductivity
contrastsandgeometricproperties.The FD schemeseemsto be ratherrobust with respectto irregular
gridgeometries,andtheFEschemewith respecttoconductivity contrasts.Thesedifferencesareprobably
relatedto thetreatmentof potentialandconductivity in assemblingthecoefficientmatrix.A second-order
Taylor seriesexpansionof the potentialis usedfor deriving theFD expressions,but in assemblingthe
FE matrix K it is assumedthat thepotentialsarelinear functionof thecoordinatesin eachhexahedral
element.Thus,a local refinementof grid is necessayin thoseregions wherethe potentialfields vary
steeplyto obtainaccurateresultswith the FE modeling.Moreover, in assemblingFE coefficients the
electricalconductivity is assumedconstantover eachhexahedronandis equalto the real conductivity
of themedium.However, in FD schemetheconductivity valueat a grid point is thearithmetricaverage
of eightvolume-weightedcell conductivities thatsurroundthegrid point. This approximationaccounts
for increaseddiscretizationerrorsneartheconductivity contrast.Uncontrollablenumericalinstabilitiesof
theFD solutionarethereforeobservedin thecaseof averyhighconductivity contrast.Figure4 showsthe
computedFEandFD resultsof apole-poleconfigurationfor theconductivity contrastof ρ1 � ρ2 � 10000.
TheFE solutionagreeswell with theanalyticaloneafterrefiningthegrid adequately. However, it is not
possibleto restabilizetheFD solution.

4.3 Storagesizeof coefficientmatrix

As mentionedin section3, thecoefficient matrix of theFE equationsis symmetricandsparse.With the
hexahedralelementdiscretizationeachnodehasmaximal26 neighbournodalpoints.This meansthat
thecoefficient matrix generallyhas27 non-zerocomponentsin eachrow. Hence14 non-zeroelements
needto bestoredin eachrow of thematrix becauseof thesymmetry. For a grid with, e.g.,73 I 89 I 35
nodes,thereareabout3 � 1 I 106 non-zerocomponentsto bestored.

Most 3D FD approachesare formulatedwith a centralgrid point and its six direct neighboursalong
the main coordinateaxes.This meansthat the coefficient matrix resultingfrom FD discretizationhas
maximal7 non-zerocomponentsin eachrow. Thus,only 4 non-zerocomponentsneedto be storedin
eachrow becauseof symmetry. For theabove grid of 73 I 89 I 35, thereareabout9 � 1 I 105 non-zero
elementsto bestored.

In conclusion,the coefficient matrix of FD equationsis muchmoresparsethanthat of FE equations.
TheFE schemerequiresabout3 � 4 timesasmuchstorageastheFD scheme.
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Fig. 5 Theeffectof singularityremoval for apole-poleconfiguration
perpendicularto thedikedepictedin fig. 1 (alongy-axis).

5 ENHANCED REFERENCE MODELS FOR A MODIFIED SINGULARITY REMOVAL
TECHNIQ UE

In thissection,wefirst provethesingularitytechniqueto besuperiorto modelingthetotalpotential.Then
weillustratetheadvantagesof usingbettersuitablereferencemodelsfor thepotentialsplit-up.Sofar the
homogeneoushalf-spacehasbeenusedto calculatethenormalpotential.However, for a wide rangeof
modelshorizontallayersor vertical contactsarebettermatchingalternatives.We will refer to the for-
mermethodastheconventionalsingularityremoval techniqueandthelatterastheimprovedsingularity
removal technique.Weconsiderthreeexamples:atfirst theverticaldikemodel.Hereweshow theadvan-
tageof modelingthesecondarypotentialin general.Thenwe investigatea cubeburiedin a two-layered
earthanda cubeburiedneara verticalfault to show thesuperiorityof theimprovedsingularityremoval
technique.Figure5 shows the total potentialof a pole-poleconfigurationfor a profile perpendicularto
thedike(alongthey-axis).Thesinglecurrentsourceis locatedattheorigin of thecoordinatesystem.The
total potentialin themethodwithout singularityremoval is obtainedby solvingthedifferentialequation
(1). It is clearfrom figure5 that themethodwithout singularityremoval produceslargererrorsthanthe
methodwith theconventionalsingularityremoval, especiallynearthecurrentsourcepoint.Theaverage
error, which is calculatedasbeingthesumof thepercenterroratall profilenodesdividedby thenumber
of nodes,is 2 � 60 per centfor the FE solutionwithout singularityremoval andis 0 � 10 per centfor the
FE solutionwith singularityremoval. This exampledemonstratesthat a secondarypotentialapproach
improvestheaccuracy considerably.

The secondmodel is a cubeburied in a two-layeredearthshown in the lower left-handcornerof Fig.
6. Thefirst layerhasa resistivity of ρ1 � 100Ωm anda thicknessof h � 3m. Thesecondlayer is a uni-
form half-spacewith a resistivity of ρ2 � 10Ωm. A conductingcubewith a resistivity of ρ3 � 10Ωmand
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with thesidelengthof 2m is embeddedin thefirst layer. Theapparentresistivity ρa of a Schlumberger
soundingis evaluatedusingtheFE methodwith themodifiedsingularityremoval technique,wherethe
two layeredearth(ρ1 � 100Ωm, h � 3m andρ2 � 10Ωm) is regardedasthenormalstructure.In fig. 6 it
is comparedwith theboundary-integral methodaccordingto Hvoždara(1995).Both thesolutionsshow
good agreement.The numericalresult obtainedusing the FE methodwith a homogeneousreference
backgroundis alsoshown in figure6. ρa is distortedseriouslyat largeelectrodespacings(AB� 2 t 15m� .
Thisexampledemonstratesthattheuseof theconventionalsingularityremoval techniqueusingahomo-
geneousreferencemodelis notappropriatewhenthebackgroundis a layeredearth.

The third modelis a cubeburied neara vertical fault shown in the top left-handcornerof Fig. 7. The
apparentresistivity of aSchlumbergersoundingis evaluatedusingtheFEmethodwith themodifiedsin-
gularityremoval technique.Now theverticalcontactis regardedasthenormalstructure,whoseanalytical
solutionis theprimarypotential.In fig. 7 it is comparedagainwith theboundary-integral methodaccord-
ing to Hvoždara& Kaikkonen(1994).Themaximumdifferenceof 3 � 1 percentoccursat theboundary.
Thecurrentsourcesarelocatedat (0m�u� 3 � 4m� 0m) and(0m�u� 2 � 6m� 0m). Thenumericalresultsobtained
with theconventionalsingularityremoval technique(i.e. theanalyticalsolutionof a uniform half-space
with the resistivity of ρ1 � 10Ωm is regardedas the primary potential)are distortedseriouslywhen
approachingtheboundaries.

6 CONCLUSIONS

In thispaperwehavedevelopeda3D finite elementalgorithmfor DC resistivity modeling.Thesingular-
ity removal procedureandmixedboundaryconditionsareincorporated,andthehighdegreeof accuracy
isdemonstrated.With theconventionalsingularityremoval techniqueproposedbyLowry etal (1989)and
refinedby Zhao& Yedlin(1996),thesingularitycanberemovedin thevicinity of thecurrentsource,and
thenumericalresultsarevery satisfactoryover thewholemodeldomainwhenthebackgroundstructure
is auniformhalf-space.However, if thebackgrounddeviatesfrom thehomogeneouscase,this technique
doesn’t work well. We have presenteda modifiedsingularityremoval technique,wherethesolutionof
a horizontally layeredearthor a vertical contactis regardedas the primary potential.This technique
allows to betteradjustto a wide rangeof modelsandconsiderablyincreasesthe accuracy toward the
boundaries.Especially, horizontallayersarea very commongeologicfeature,sothat theimprovedsin-
gularity removal procedurewill bevery helpful in practice.

The finite differenceandfinite elementmethodsarevery suitableto modela complex 3D earth.The
investigationshows thatbothdifferentialequationtechniquesgive accurateresults,whenanappropriate
grid is used.Yet,bothtechniqueshave individualadvantagesanddisadvantages.Ontheonehand,theFD
methodproduceslargererrorsnearconductivity contrastthantheFE method.On theotherhand,theFE
methodis lessrobustwith respectto grid irregularities.TheFD methodrequireslessstoragethantheFE
method,however, it is possibleto incorporatetetrahedralelementsinto theFE technique,which is most
suitableto modeltopographyandslopinginterfaces.Nevertheless,hexahedralelementsarenecessaryto
carrayout a significantcomparisonto theFD technique.For practicalapplication,however, our future
work will concentrateon tetrahedralelementdiscretizationandthediscussionof topographiceffects.
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