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1 INTRODUCTION

Theelectricalinhomogeneityandanisotropy canproducestrongorientationaleffectsin resistivity mea-
surementsandsoundingscurves(Matias,2002).To overcomethis problem,severalazimuthalelectrode
arraysareproposed,suchassquarearrays(Habberjam1979),azimuthalWennerandSchlumbergerar-
rays(Leonard-Mayer1984;Taylor & Fleming1988)aswell asazimuthaloffsetWennerarray(Watson
& Barker1999).Severalsuccessfulapplicationshavebeenreportedin theliterature(Busby2000).How-
ever, numericalsimulationsfor geoelectricalfields in anisotropicstructureshave rarelybeendiscussed
in theliterature,especiallyfor multidimensionalanisotropicstructures.Theelectricalpotentialdueto a
pointsourcein ahomogeneousanisotropicmediumcanbeobtainedby transformingLaplace’s equation
for ahomogeneousisotropicmediuminto Laplace’sequationfor ahomogeneousanisotropicmediumby
stretchingandrotatinga coordinatesystem(Bhattacharya& Patra1968,Habberjam1979).Theeffects
of anisotropy for a layeredstructurewasstudiedby Wait (1990),Li & Uren(1998)andYin & Weidelt
(1999).Verner& Pek(1998)presenteda2D finite differencealgorithmfor numericalmodelingof direct
currentsin anisotropicstructures.
In thispaper, 3D anisotropicstructuresarestudiedusingthefinite element(FE) technique.In thefollow-
ing section,wedescribethenumericalrealizationof theFE algorithmin detail.Wethenverify thefinite
elementalgorithmusingananisotropictwo-layeredearth.Finally, we calculatetheapparentresistivity
of threetypesof anisotropy: horizontal,verticalanddippinganisotropy.

2 GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

Considerathree-dimensional(3D) conductivity modelwith arbitraryanisotropy in aCartesiansystemof
coordinates

�
x � y � z � with z-axispointingdownwards.ThecurrentsourceI is locatedatapoint

�
xq � yq � zq � .

Thecorrespondingsourcefunctionis

q
�
x � y � z ��� Iδ

�
x � xq � δ �

y � yq � δ �
z � zq � (1)

whereδ is theDirac deltafunction.Theflow of thesteadyelectriccurrentobeys theequationof conti-
nuity

∇ � j � x � y � z ��� q
�
x � y � z ��� (2)

wherej denotesthecurrentdensity. In theanisotropicearth,thecurrentdensityj andtheelectricfield E
arein generalno longerparallel,which is expressedby thegeneralizedOhm’s law:

j � σE � ρ 	 1E � (3)

where

σ � ρ 	 1 � ρ � 

ρxx ρxy ρxz
ρyx ρyy ρyz
ρzx ρzy ρzz �

aretheconductivity andtheresistivity tensor, respectively. In theearth,thesetensorsaresymmetricand
positive definite,andwhenrotatedinto thedirectionsof theirprincipalaxes(x �� y ��� z � ), they aregivenby

σ � ���� σ
x � 0 0
0 σ

y � 0
0 0 σ

z � �� � ρ � ���� ρ
x � 0 0
0 ρ

y � 0
0 0 ρ

z � �� �
whereσ

x � � σy � � σz � arereferredto astheprincipalconductivities, andρ
x � � ρy � � ρz � astheprincipalresistivi-

ties.

Thestationaryelectricfield E canbewrittenasthenegative gradientof theelectricpotentialv:

E ��� ∇v� (4)
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Substitutingeqs.(1), (3) and(4) into equation(2), we have thefollowing relation

∇ � � ρ 	 1 � x � y � z � ∇v
�
x � y � z ������� Iδ

�
x � xq � δ �

y � yq � δ �
z � zq ��� (5)

which is thedifferentialequationof theelectricpotentialv
�
x � y � z � for a3D conductivity distribution with

arbitraryanisotropy.

Numericalapproximationsusing equation(5) typically give poor resultsin the vicinity of the source
locationbecauseof steepgradientsaroundthesource.In orderto remove theeffect of thesingularpo-
tentialcausedby thesource,thesingularityremoval procedure(Lowry etal. 1989;Zhao& Yedlin1996)
is applied.Thepotentialv is thensubdividedinto aprimarypotentialvp andasecondarypotentialvs:

v
�
x � y � z ��� vp

�
x � y � z ��� vs

�
x � y � z ��� (6)

Theprimarypotentialvp canbedescribedby ananalyticalsolutionof thepartialdifferentialequation

∇ � � ρp 	 1 � x � y � z � ∇vp
�
x � y � z ������� Iδ

�
x � xq � δ �

y � yq � δ �
z � zq � (7)

for ahomogeneousanisotropichalf-spacewith theresistivity tensor

ρp ���� ρ p
xx ρ p

xy ρ p
xz

ρ p
xy ρ p

yy ρ p
yz

ρ p
xz ρ p

yz ρ p
zz

�� �
if thecurrentsourceis locatedon thegroundsurface(zq � 0), yielding solution

vp � I
�
ρ p

x � ρ p
y � ρ p

z � � 1� 2
2π

1

Bp
1� 2 (8)

with

Bp � ρ p
xx
�
x � xq � 2 � 2ρ p

xy
�
x � xq � � y � yq ��� 2ρ p

xz
�
x � xq � z � ρ p

yy
�
y � yq � 2 � 2ρ p

yz
�
y � yq � z � ρ p

zzz
2 �

Hereρ p
x � � ρ p

y � andρ p
z � aretheprincipalresistivities of thehomogeneousanisotropichalf-space.

Insertingeqs.(6) and(7) into (5), givesthedifferentialequationfor vs:

∇ � � ρ 	 1 � x � y � z � ∇vs
�
x � y � z ����� ∇ � � ρs 	 1 � x � y � z � ∇vp

�
x � y � z ����� 0 � (9)

with

ρ 	 1 � x � y � z ��� ρs 	 1 � x � y � z ��� ρp 	 1 � (10)

Sinceno currentcrossesthe groundsurfacedenotedby Γs, the boundaryconditionson Γs aregiven
by

∂vp

∂n
� 0 � ∂vs

∂n
� 0 on Γs � (11)

wheren is theoutwardnormaldirectionof thegroundsurfaceΓs.
On the other domainboundariesdenotedby Γ∞, a mixed boundarycondition is proposed.The total
potentialat largedistancesfrom sourcesandinhomogeneitieshasthegeneralform of

v � I
�
ρ

x � ρy � ρz � � 1� 2
2π

1

B1� 2 (12)

with

B � ρxx
�
x � xq � 2 � 2ρxy

�
x � xq � � y � yq ��� 2ρxz

�
x � xq � z � ρyy

�
y � yq � 2 � 2ρyz

�
y � yq � z � ρzzz

2 �
whereρ

x � � ρy � andρ
z � aretheprincipalresistivitiesof theanisotropicmediumatmodelboundaries.Hence,

ρ 	 1 ∂v
∂n

� σ∇v � n
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� � I
�
ρ

x � ρy � ρz � � 1� 2
2πB3� 2 


σxx σxy σxz
σxy σyy σyz
σxz σyz σzz � 


ρxx
�
x � xq ��� ρxy

�
y � yq ��� ρxzz

ρxy
�
x � xq ��� ρyy

�
y � yq ��� ρyzz

ρxz
�
x � xq ��� ρyz

�
y � yq ��� ρzzz � � n �

wheren is theoutwardnormaldirectionof theboundaryΓ∞. After straightforward but tediousderiva-
tions,we get

ρ 	 1 ∂v
∂n

��� I
�
ρ

x � ρy � ρz � � 1� 2
2πB3� 2 r � n ��� rcos

�
r� n �

B
v�

or

ρ 	 1 ∂v
∂n

� rcos
�
r� n �

B
v � 0 � (13)

wherer ��� r � � ���
x � xq � 2 � �

y � yq � 2 � z2 � 1� 2 denotestheradialdistancefrom thesourcelocationto the
boundary.

In a similarway, we cangetthefollowing relation

ρp 	 1∂vp

∂n
� rcos

�
r� n �

Bp
vp � 0 (14)

for theprimarypotential.

Substitutingeqs.(6) and(10) into equation(13)andusingequation(14),yields

ρ 	 1∂vs

∂n
� ρs 	 1∂vp

∂n
��� rcos

�
r� n �

B
vs � rcos

�
r� n � vp ! 1

Bp
� 1

B " on Γ∞ � (15)

3 FE APPROXIMATION

Theapplicationof thefinite element(FE) methodto the3D resistivity problemfor isotropicstructures
wasdicussedby Pridmoreet al (1981),Zhou& Greenhalgh(2001),andLi & Spitzer(2001).Herewe
solve the3D problemfor anisotropicstructuresusingtheFEtechnique.At first, wederive thevariational
integralusingthevariationalprinciple.Following theformulationof Li & Spitzer(2001),thevariational
functionalcorrespondingto eq.(9) is

I
�
vs �#� $

Ω % ρ 	 1 �
∇vs � 2 � 2ρs 	 1∇vp � ∇vs & dΩ � (16)

whereΩ denotesthemodelvolume.
Takingthevariationof theright-handsideof eq.(16)with respectto vs, gives

δ I
�
vs �#� $

Ω
2 ' ρ 	 1∇vs � ρs 	 1∇vp ( � ∇δvsdΩ � (17)

After carryingout integrationby partsandsubstitutingfor theboundaryconditionseqs.(11), (15) and
(17)becomes

δ I
�
vs �)��� δ $

Γ∞
! rcos

�
r� n �

B
v2

s � 2rcos
�
r� n � ! 1

B
� 1

Bp " vpvs " dΓ � (18)

Hence,thesolutionof theboundaryvalueproblemconsistingof eqs.(9), (11)and(15)givesastationary
valueto thefollowing functional:

F
�
vs �*� $

Ω % ρ 	 1 � ∇vs � 2 � 2ρs 	 1∇vp � ∇vs & dΩ� $
Γ∞

! rcos
�
r� n �

B
v2

s � 2rcos
�
r� n � ! 1

B
� 1

Bp " vpvs " dΓ � (19)

ThemodelvolumeΩ is subdividedintohexahedralelements,andtheintegralsof eq.(19)thusdecompose
into integralsfor eachelement,in which theresistivity tensoris constant.It reads

F
�
vs �*� ne

∑
e + 1

$
Ωe

ρ 	 1 � ∇vs � 2 � ∑
Γ∞

$
Γe

rcos
�
r� n �

B
v2

s dΓ
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� 2 , ne

∑
e + 1

$
Ωe

ρs 	 1∇vp � ∇vsdΩ � ∑
Γ∞

$
Γe

rcos
�
r� n � ! 1

B
� 1

Bp " vpvsdΓ -.� (20)

whereΩe denotesthevolumeof aparticularelemente andΓe thesurfaceelementonΓ∞. ne is thenumber
of thehexahedralelements.Theprimaryandsecondarypotentialsareapproximatedin eachelementby
linearrepresentations:

vp � 8

∑
i + 1

Nivp / i � vs � 8

∑
i + 1

Nivs / i (21)

whereNi are linear shapefunctions(Li & Spitzer, 2001),while vp / i andvs / i arethe primary potential
andthesecondarypotentialat thecornerpointsi � i � 1 ��������� 8 � By Substitutingthelinearrepresentations
(21) into equation(20) andevaluatingthe volume integralsover Ωe andthe boundaryintegral on Γe,
we obtaintheelementintegral.Summingup theintegralsover all theelements,assemblingtheelement
matrix to asystemmatrix,andsettingthefirst variationof thefunctionalF

�
vs � with respectto vs to zero

resultsin thefinite elementequation0�132 ���54 (22)

wherethe systemmatrix
0

is symmetricandsparselyoccupiedby non-zeroelements,
132

is a vector
consistingof the unknown valuesof the secondarypotentialsat all nodes,and 4 is the known vector
respresentingthesourcedistribution dueto theanomalousresistivity structure.
Thissystemof linearequationsis solvednumericallyusingapreconditionedconjugategradientmethod.
TheincompleteCholesky decompostionhasbeenprovedto bea fastandefficientpreconditionerfor 3D
resistivity modelling(Zhou& Greenhalgh2001;Li & Spitzer2001).

4 NUMERICAL TESTS

To testtheFEtechniquesdescribedin theprevioussections,atwo-layermodelwith azimuthalanisotropy
(Fig. 1) is simulated.The resistivities of the top layer of thickness5 m areassumedto be ρx1 � ρz1 �
ρl1 � 100 Ωm, ρy1 � ρt1 � 10 Ωm andthoseof the bottomlayer to be ρx2 � ρz2 � ρl2 � 10 Ωm and
ρy2 � ρt2 � 1 Ωm. Thesinglecurrentsourceis locatedat theorigin. TheFEgrid consistsof 79 6 79 6 46
nodes.The boundariesarelocatedat 7 500 m in x- andy-directionandat 500 m in z-direction.Fig. 2
shows the apparentresistivities of a pole-polesoundingin x- andy-direction.The analyticalsolutions
computedby ananalyticalmethod(Wait 1990)arealsoshown for comparison.FromFig. 2, onecansee
that:

1) the computedFE resultsagreewell with the analyticalsolutionsat all grid nodes,especiallythe
algorithmprovidesvery accurateresultsnearthesourceandat boundaries,which is dueto theincorpo-
rationof thesingularityremoval techniqueandmixed boundaryconditions.Theaverageerrors,which
arecalculatedasbeingthesumof thepercenterrorat all profile nodesdividedby thenumberof nodes,
are0 � 36 percentand0 � 23 percentfor thesoundingin x- andy-direction,respectively.

2) For thesoundingin y-direction,weobtainanapparentresistivity of approximately100Ωm atsmall
electrodespacings(therealresistivity of thetop layerin x-direction)andof 10Ωm at thelargeelectrode
spacings(therealresistivity of thebottomlayerin x-direction).This is known astheanisotropy paradox.

3) For the soundingin x-direction,we obtainan apparentresistivity of approximately31� 6 Ωm at
small electrodespacings(the geometricmeanof the ρl1 and ρt1) and of 3 � 16 Ωm at large electrode
spacings(thegeometericmeanof theρl2 andρt2).

5 EFFECTS OF ANISOTROPY

In this section,a simpleanisotropiccubeis usedto demonstratethe effect of horizontal,vertical and
dipping anisotropy on the geoelectricinterpretation.The cubehasa side lengthof 5 m andprincipal
resistivities of ρx �98 ρy �:8 ρz � � 1008 58 100 Ωm. It is embeddedin an isotropic homogeneoushalf-space
with a resistivity of 5 Ωm. For clarity, the computedcontourmapsof the apparentresistivity at the
surfaceareshown for pole-poleconfiguration.Thesinglecurrentsourceis locatedat theorigin. All the
calculationsaremadeon agrid of 81 6 81 6 47.
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Fig. 2 Apparentresistivity of apole-poleconfigurationfor themodelin Fig. 1 and
differentarrayorientations.Solid line - analyticalsolution;diamonds- resultsof

theFE algorithmdescribedin thispaper.

I
J
K K K K KML x

y N m O

z N m O

0

5

IJ K KML ρl1 ρt1

ρl1

ρl1 P 100Ωm

ρt1 P 10ΩmIJ K KML ρl2 ρt2

ρl2

ρl2 P 10 Ωm

ρt2 P 1 Ωm

Fig. 1 A two-layermodelwith azimuthalanisotropy.

5.1 Horizontal anisotropy

Fig. 3 shows the orientationof the principal axes.The principal axis z Q is vertical, the remainingtwo
principalaxesx Q andy Q arein thehorizontalplane

�
x � y � at anangleα with respectto thex axis.Fig. 4

shows thecontourmapsof theapparentresistivity for threedifferentanglesα (00 � 450 � 900). For small
distancesbetweenthe currentsourceandmeasuringpoints, the influenceof the anisotropiccubecan
hardlybeseen.With increasingdistancetheinfluenceof theembeddedanisotropiccubebecomesmore
andmoreobvious, the isoplethsarenearlyellipses.The maximumandminimum axesindicatethe di-
rectionof the low andhigh resistivity, respectively, which is againdueto the anisotropy paradox.Far
from theinhomogeneity, theanomalousfield fadesout, theρa approachestheresistivity of theisotropic
half-space.
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Fig. 4 A contourplot of theapparentresistivity for thepole-poleconfigurationof theFig. 3 and
variousanglesα .

5.2 Dipping anisotropy

Fig.5 showstheorientationof theprincipalaxes.Theprincipalaxisx Q is horizontalandin thex-direction,
theremainingtwo principalaxesy Q andz Q arein theverticalplane

�
y � z � at a dip angleβ with respectto

they axis.Thetoppanelof Fig. 6 shows thecontourmapsof theapparentresistivity for threedip angles
β
� � 300 � 450 � 600). Again, for smalldistancesthe influenceof theanisotropiccubecanhardlybeseen.

For largerdistancestheisoplethsarenon-symmetricwith respectto thex-axis(y � 0)andareenlogatedin
thex- andy-directionsat theright-handsideof eachmap.Notetheexistenceof two asymmetricmaxima
left andright to thesourcepoint.Their magnitudeschangewith thedip angleβ . It canmoreclearlybe
understoodby looking at theapparentresistivity curvesalongthe y-axis shown in thebottompanelof
Fig. 6. Weexplain thisbehaviour by thedistribution of thecurrentdensityin theearth.In ananisotropic
mediumthe currentdensityis generallygiven by a linear combinationof all threecomponentsof the
electricfield. Fromeqs.(3) and(4), they � andz � componentsof thecurrentdensityin theyz � planeare
expressedby

jy
�
y � z ���^� σyy

∂v
∂y

� σyz
∂v
∂ z

� (23)

jz
�
y � z ����� σyz

∂v
∂y

� σzz
∂v
∂ z

� (24)

Fig.7showsthedistributionof thecurrentdensityin theyz � planefor threedippinganglesβ
� � 300 � 450 � 600 � .

Thestartingpoint of earcharrow is at thefinite-elementnode.Thelengthandthedirectionof thearrow
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Fig. 6 A contourplot of theapparentresistivity (top)andsoundingcurvesalongthey-axis(bottom)
for thepole-poleconfigurationof theFig. 5 andvariousdip anglesβ .

reflectthemagnitudeanddirectionof thecurrentdensityat thatpoint.Onecanclearlyseethatthemag-
nitudeanddirectionof thecurrentdensitychangewith thedippingangleβ within theanisotropiccube,
andthecurrentflowsmainly in thedirectionof thelow resistivity.
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Fig. 7 Thedistribution of thecurrentdensityin theyz-planefor themodelin Fig. 5.
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Fig. 8 A contourmapof theapparentresistivity for the
pole-poleconfigurationandavertically anisotropiccase.

5.3 Vertical anisotropy

The principal axesx ¬ , y ¬ andz ¬ arecoincidentwith the x,y andz-axes,respectively, andthe resistivity
is axially symmetricwith respectto z, in which theresistivity for any horizontaldirectiondifferssolely
from thatin verticaldirection.Fig.8 shows thecontourmapof theapparentresistivity, which is identical
with thedippinganisotropy for β  900. Theisoplethsarenearlycirclescentredattheorigin.Thismeans
thattheverticalanisotropy cannotbeseenfrom geoelectricaldata.

6 CONCLUSIONS

In this paperwe have presenteda newly developedfinite-elementalgorithm for numericalmodeling
of geoelectricalfields in anisotropic3D structures.The algorithm allows the simulationof arbitrary
anisotropiesin three dimensions,including the specialcasesof the horizontal,vertical and dipping
anisotropy. Thesingularityremoval procedureandmixedboundaryconditionsareincorporated,yielding
a highdegreeof accuracy. The3D simulationresultsshow thattheanisotropy hasrenderedthegeoelec-
trical field morecomplex.
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